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SYNOPSIS 


Thesis Entitled, ’Conformal Invariant Finite 
Quantum Electrodynamics' , submitted by 
RADHEY Smm in Partial Fulfilment of the 
Requirements of the Ph D Pegree to the 
Department of Physics, Indian Institute of 
Technology, Kanpur, January 1977 

We modify Dirac— Maxwell Lagrangian for electromagnetic 
interaction by introducing exponential coupling of a mass- 
less scalar field (which is essentially scalar gravity) in a 
conformally invariant manner Using non -polynomial lagran- 
gian techniques, we show that the usual ultraviolet diver- 
gences are absent from the theory , the inverse of the minor 
coupling constant provides the cut off The method can be 
extended to other field theoriesj however we have carried 
out this program in some detail for quantum electrodynamics 

only 

The thesis* is divided into nine sections The first 
section IS an introduction In Section II, we present 
the formalism of conformal invariant quantum electrodynamics 
inv’> a self contained manner We set up a conformal 
invariant lagrangian by using conformal covariant deriva- 
tives in the usual Poincare invariant lagrangian and 
multiply the electron mass term by exp (-fo'(x)) where o'(x) 

IS the massless scalar field Then we apply a field 


trans formation to remove tiie exponential fector from the 
mass term, it then appears in the kinetic energy and 
interac''‘ion terms We use the modified electromagnetic 
interaction for our further c'^lculations 

In Section III we calculate the self energy of 
electron dae to the modified el<-c tromagiietic interaction 
and identify the electron wave— function renormalization 
constant and the traditional finite part left after the 
renormalization The self mass and the renomnalizatior 
constant dc^ot have ultraviolet divergences to zeroth 
order in f, the traditional finite part is some as in 
conventional quantum electrodynamics 

In Section IV, we present the c'^lculation of 
photon self energy and identify photon wave function renor- 
malization constant which is now finite and the traditional 
finite part of the polarization tensor loft after the renor- 
malization which agree with the co ventional quantum electro- 
dynamics (to zerotn ordeT^ in f) The calculation with 
modified clectromegnctic inter'^ction alone is not gauge 
invariant The gauge invari'^nce is restored hy replacing 
the formal current operator hy^ strictly gauge invariant 
current operator (as suggested hy Schwinger) and including 
the effects of modified kinetic energy terms 



In Section V the vertex psrt has been considered 
The Ward identity up to zeroth order in f has been verified 
and the vertex rcnormaliz'^tion constant and conventional 
finite part left after r.^normaliz8tion has b^cn identified 

In Section VI, we present a simple proof of fini te- 
ns ss of thu theory to all orders 

In Section VII, we calculate gravitational self 
energy of the electron due to interaction of the electron 
vfith scalar gravity only In lowest order the gravit'^tional 
self energy of the electron is finite and is of the form 
m^f^ in (mf) 

In Section VIII, we s<^t up a conformal invariant 
lagrangian for the interaction of charged and neutral 
pions with tho electromagnetic field and scahar gravity 
and calculate mass difference The value obtained 

IS somewhat higher than the experimental value 

The last sec non is concerned Trith same concluding 


remarks 


I lijTEODUCTION 


Ultraviolet infinities made their appearance in 
particle physics some seventy five years ago The first 
infinity arose in Lorcntz’ & calcula'^ion of electron 
s-lf-mass (6m) m classical electrodynamics He obtained 
dm = e^/R which is linearly divergent as 0 for a point 

electron The divergence difficulty persisted ever in 
quantum electrodynamics The first calculation of 6in by 
^■valler^, using Dirac's single particle electron equation 
produced a quadratically divergent expression Using 
positron theory Ueisskopf^ was able to show that the 
severity of divergence could be reduced to logarithmic 
Nevertheless, the divergence problem persisted He obtained 


6m 

m 


6a 

4 tc 


lim 
H— > 0 


j-og (^) + finite term 


i^/eisskopf also pioved the important result that in the 
n-th order, may diverge- as fast as log (g^) In 

view of this re'^ult, he ascribed a 'critical length to 
positron theory 


H ^ — exp (-l/a)£i^ 

critical — m 


10 


”5% 


This would be the length where the theory may be expected 
to need fundamental modification, whether realistic or 
mathematical Using Feynman’s techniques lyson^ confirmed 


f 


2 


Wcisskopf's result end in addition showed that there 

IS one more infinity, viz self ci .-r^- ec. atleast in 
perturhation solution, in addition to the self mass dm 
Renormalization program circumvented the. infinities but 
it was not a fiial cure One problem that theoreticians 
eould not understand was, whether infinities due to 

the perturbation expansion around the. point e =0, or *-■ 
they are intnnoic to the theory Recent wor-i. of Jaffe 
and Grlimm^ showithat log‘'rithniic ultraviolet infinities 
persist even in non— perturbative solutions of certain 
field theories in two and three space dimensions with 
polynomial interactions From this it appears that 
infinities are intrinsic bo the theory and therefore 
one should try to modify Dirac lagrangien for electro- 
dynamics 

The natural question then is, what kind of modifi- 
cation 0 - should h Hve*^ The work on non- polynomial 
lagrangians^ which have rcmsrkablc convergence properties 
suggests that one “^hould have non-polynomial modification 
of the interaction An ad-hoc modification by nonpolyno- 
mial interaction has been considered by Budini and 
Oalicci^ Obviously, one would like to have a natural 
modification based on some general principle Row, it has 
been conjectured"^ that the nonpolynomial coupling 


J 


of gravitational ficild wi+n matter proviae a natural 

dampint of ultrc violet infirfci s T cor lecture was 

8 

recently re ive^ by lelbouigo, 3c-laia arj &tr +hQee In 

lJ 

a suosequent paper Isham, ^alau ^’nc ^trathdac-^ show that 
gr-^vity modified ou'^ntun ^lec'-roGirc, uics a no+ural 

ultraviolet cut off provided oy tne grc vitat: onal coupling 
constant 

However, nonpolynomiel theories h'^ve their own 
problems In particular, they suffer from Borel -ambiguities 
and distribution theoretic ^mbiguities^^ Lehmann and 
Pohlmeyer^^ have shown th-^t the distribution th«oretic 
ambiguities may be removed for localizaolo Lagrangians by 
employing physical criteri'' o’^ large momentum behaviour 
of the supcrprop-^ga tors Itirthermorc those localizable 

Lagrangi ns -ire free of Borel ^moiguitieCi and possess the 
desirable rc-^turcs of good field thcories^^ Therefore, 
one, should work with localize, ole l-igrant^ians ss done by 
Ishan, bclam ^nd btr-^thd^c^^, by -dop irg exponential 
p-irametrization of the vierheir fi Id Although in 

principle it is j^ossiblu to remoie ulrr'^viol'-t divergences 

Yl^ 

by coupling "Vith, ni'''tter, tne practic'^l calculations in thi 

i 

scheme ah’s Vs,iy complicated Also, one cannot clam to 
have obtained a finite theory as one does not know how to 
t^ke care of additional divergence® introduced by self- 


couplings of gravity 


4 


In this woriC propose 3 ’lodificetiru tf quantur 

electrodynaBics wViich ciicumvci ts t>- '•b vi difficulties of 

tensor gravity The moduic ition consists ii intriducing a 
scalar field having conformal invariant interaction with 
the Glectrr'magnc.tic and “ne ma+tcr fi^ldj the conf-^rmal 
symnetry being realized nonlinearly tnrnugh an exponential 
interaction This scalar field essentially corresponds to 
scalar gravity^^ 

The conform-^l symmetry is nown since 1910 when 
Cunningham^'^ and Bateman^^ observed that i^axwell's equati~'ns 
are covari'^nt not only und^r Lorentz group but -Iso under 

17 

the larger group 1 ^ , the conformal group In 1956P'=>g6 

developed a new special relativity recognized to be b-sed on 

conformal group This implied that not only sXL coordinate 

systems with constant relntii velocity arc equr valent, 

but in f ct all those with constant relative accelt.ration 

18 

aro also eQUivaJ.-^nt In the s-'me ye-r, Bir c showed the 

equivalence of conformal transformations oo pseudo-orthogonal 

transformation in six dimensional space TaLing special 

conformal transformations as coordinate transformations to 

19 

uniformly accelerated frame Pulton, Rohrlich and bitten 

20 

have studied its physical consequence Castell has consi- 
dered analysis of space-timo structure in elementary particle 

21 

physics Kastrup has studied the role of conformal 


5 


invariance in quantum mechanics and hau connected it with 
indefinite metric in Hilbert space '-•r.-,22 studied 
conformal invari'^nce m quantum field +neory h'^ny authors^^ 
ha /e constructed the representations of tbc conform'^1 group 
Also haok nd Salam^'^ have constructed finite component field 
representations 

pfT pfT 

oalam and Str'-thdee ’ considered the possibility 

of spontaneously broken conformal symmet'^y and thus constructed 

conformal invariant Lagrargians with non-linear realizations 

of conformal symmetry In their program , two fields, 

* 

vector field for covenant derivative and scalar field for 

making the Lagrangian ir variant, were introduced however 
27 

Ellis has pointed ou^ that only the scalar field is 
sufficient 

Here, in Section 2, we use thi- approach of Sdam and 
Strathdee and Ellis to write the confor"^oJ invariant lagrar- 
gian for quantum elec trodynamics In Section 3, the calcula- 
tion of the photon contribution to the self-mass of electron 

IS presented and the wave-function renormalization constant 
ccdculqhov of 

obtained The tr-^ditionally finite part is also presented 

A 

In Section 4, the calculation of self energy of the photon 
IS presewt€.cl A naive calculation leads to a non gauge 
invariant result But by a more careful definition of the 
electromagnetic current through a limiting procedure, and 


6 


the inclusion of tne ' j^ine tic -energy mouific^tion ternij the 
gangly invsriance is restored to order f° there t is the 
minor coupling corst^'nt In Section 5, the /ertex part 
has been treated In Section 6, the proof of ±initeness of the 
theory to all orders is presented I'^ section ?» tn^ contri- 
bution of :3calar gi^^ity to tne sel_ --n rg\ of electron has 
been calculated 

As e practical applic'^tion of tne above considerations, 
we calcalate mass difference in Section S V/e conclude 

in Section 9 with some remarks 


II COIIFOM^L INVAEIiuJT QUMTUii hi^ECTfiOIIFAilGb 


The conformel group of space tine consxsts of the 
following, transforma tions 

(l) Inhomogeneous Lorentz tramsform"' tions 



X ^ = 

Ai; + 


(2 

1) 

where 

’ A cr 

= 


(2 

2) 

with 

^00 = + 1 

and 

Sii = -1 

(2 

5) 

(2) 

Dilatations 






x'M- = 

X U, 

e x^ , 

X real 

(2 

4) 


(3) Special conformal transf ormations 
x ' t ^ = -^**1 ^ 

1+2^ r: + 13 X 

By a direct calculatior, one ca show that, for special 
conformal transformations, 

^ (2 6 ) 

Sxf’ 5x^ (1+2P ^ 

Taking the determinant of both sides of (2 6), we get, 

Idet I = T'P~T 

* ‘ (1+2P X + 


(2 7) 


8 


using this relation in enuation (2 C) g&t for special 
conformal transfo rmptions , 


^Zlii ox' ^ 



h»x* 

> X 


(2 8 ) 


It IS easy to see th-t tre relation 1 2 8) is also 
true for dilatations »nd is clearly true for inhomogeneous 
lorentz transformations Thus it is true for the entire 
Gonxormal group 


If we define the matrix (x) by, 




“ bx' 

dx 


- 1/4 


bx'l^ 
"Sx '' 


(2 9 ) 


IS a Lorentz matrix obeying the relation (22), Und 
‘'ny general, transform‘d t ion, dx^*" transforms as 


er 


. n -,'11 

dx^_^ dx H- = — ;7- 


x^ 


dx 




(2 10 ) 


For conformd transformations, using relations ( 2 S) we get 
the transformation for coordinate aiff-rentisl as follows 

dx^ — 9> = Uet ^ 


The line-element ds defined by 
ds^ = 

transforms mder the conformal group 


9 


— > ds ' 2 


det 


^ X* 2 

b- 1 


ds‘ 


(2 13) 


The line element as”^ is not invariant uncer conformal 
transformations, oaly ds^ = 0 is left invericnt It is 
possible to define an invariant lengf^ ds^ as follows, 


= gpT/ A (x) dx^^ Qx^ (2 14) 

where /A(x) is a function of x If one requires the 
invariance of this, -A(x) snould transform as, 


A(x)-4 a* (x' ) 



( 2 15) 


If we parametrize A(x) terms of e field cr(x) as 


A(^) 


g-2fcr( x) 


(2 16) 


(where f is a coupling const'^nt called minor coupling cons- 
tant) , we obtain, 


ds2 :::: g dX^ 

(2 17) 

, - „ ^-2fo(x) 

Where = gp^ ® 

(2 18) 

using flq (2 15), we see that, 



(2 19) 

and ct'(x') = a(x) + ^ log j 1 

[ ( 2 20) 
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Now wc construct the represent at onto of the conformal 
grou j A con/enient methoo of const-rue-*- ns representation 
of th- conformal group from those of ti c inhomogeneous 
Lorentz group is D-sed on the fact thp-*- A ^ (w) defined hy 
Eq (2 9) IS a lorentz nptrijc T^en, given a Sot of fields 
which tr noforms aider inhcmogencous lorentz transfor- 
mations as , 

l^'(x) = I)(A)/'(x), 

then tne transformation, 

- » , ^■P/4 , 

f{x^) = 1 D(A(x)) /*(x) (2 21) 

provides representation of the conformel group, where 
IS the scale dimension of the fielo ip how, 


d 0’ (x' ) 

0 x^ 

[dot 

U'A 

D(Mx)) 



1 d ^ 



(if 

’ S jjp " 


y' 25 ^(log| det j ( 2 22) 

In Eq (2 22) are matrices representing Lorentz generators 
in the representation of the field ^ for spin 1/2 and spin 1 
fields, have the following form 


11 


Spin 1/2 [/^, Y. ] ( 2 23a) 

Spin 1 d'" ( 2 23b) 

Thus does no+ transform covanantly Now we can 

construct covanant derivatives usin^, field a(x) in-^'roduced 
in the beginning The covanant O'-rivative is giver by, 

V Y- ’ 

Under conformal group covariant derivative A ^ transforms as 
OSp.'f')’ (x’ ) = det (^|-)! D(A(x)) 


^ Ay !l^(x) 


( 2 25) 


Proof of Eqs (2 22) and (2 25) is presented in the Appendix / 



To make the lagrangian conformal invariant, we replace 
ordinary derivatives by covenant derivatives and multiply 
the terms of iagrsngian by suitable powers of exp (fcr(x)) 
To this Lagrangian, we should add the kinetic energy term 


for the cT-field 


12 


The e 


-f0 


- fxeld transforms as 


-fa' ( y ' ) 


Qbt 


1-1/^ xa(^ 


The covenant aerivative of e vanishes identically 

Therefore we employ for the a-part of the lagrangian 


L 


1 ^ -2fa 

“ ae 


(2 27 ) 


transforms as. 


LI = 


det 


• -1 I 

rl - 




A & 


1^ 


X{J)^ (4I 1°8 J (2 28 ) 


and IS seen to transform as a scalar density ^ith scale 
dimension -4, upto a four divergence 


We are now in a position to construct the conformal 
invariant lagrangian for quantum electrodynamics One can 
easily seethat, for the photon fiold 

^\x ^ ^ \ ^ 

Next, we define a derivative of the Dirac field 
which IS covariant unc er gauge transformations as well as 
under conformal transformation, 1 e 

\P ^ 3^ cr f 

(2 50) 


13 


Then, the conformal invsriant La^rangian for quantum 
electrodyna^iics of opin - 1/2 part cl^'^ is 

“ -fo 


T C V T*" n * p 


1 I 4. 

4 ill/ 2 




(2 31 ) 


To remove the exponential f ctor from the mass term in 
Lq ( 2 31 ) , we perform the transformation, 


41 (x) = e-^ 


(2 32) 


Then, 


w^eve^ 


I = ( 4- / + / * 

L — o Lem 


(2 33) 






+ I a"- -ip 


Lem = -® t \ 


(2 34a) 
( 2 34h) 


! » 
L 


= L' +l; 


L 


I Y^d 


pi 


- 1) (2 34c) 


and 




(2 34d) 


/ 



I 
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The nomal ordering in Eqs ( 2 34 ) is understood 

It IS to see that the f^-± eqaation satisfied hy 

o-field IS 

Q(e-2fcr(r)) ^ _2f2 @1" ( 2 35) 

ihare, ejj = ^ 

( 2 36 ) 

IB the trace of the energy— u.eiiientum tensor Tnus tne field 
cr(x) IS essentially scalar gravity 

Next, we relate the minor coupling constant f to the 
gr'^vitational constant G- 

Under weah field approximation, we have, 

^-2fa(x) ^ i_ 2 f<,(x) (2 37) 


Now, in non-rel'"-^ivistic approximation. 


e 


11 


= P - 


9 


o 


= P 


( 2 38 ) 


Now taking weak ^nd static-field approximation for the left 
side of the equation (2 35) and non-reletivistic approximation 
for the right side of equation, we get, 


V cj(x) = -fp 


(2 39) 


Now, e 


-2fcr(x) ^ i_2fa(x) = 1+20 (2 40) 
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/fhere 0 is the grrv^tetional potential Prom equation 

( 2 40 ), 


a(x) = - ~ g! 


(2 41) 


Now satisfies the equation 


•y^0 = ^Tc 10 


( 2 42) 


Therefore, from ( 2 39), ;(2 41) (2 -+2.), we get. 


f^ = 47 i1 


(2 43) 


The numerical value of f is, 


f Ai ~ y io~^® (icv)"^ 


(2 44) 





Ill FLECTHOT 'SLF-EIlEPGx 

In tais section, we calculate he lo rest order self- 
energy of electron using Tne Feynman diagram contri- 
buting to tne sell-energy is given in Fig 1 Tne matrix 





Electron line 

\j v~v Photon line 

- Sunerpropagator 


Fig 1 Electron Self Energy 
element for this process is given hy 


H (p) = 


le 


2 ^4 


d X Y e 


f%(x) 


,ipx 


(5 1) 


where thv. conv-,rtion for Dirac metric s is that of Boorxen- 
Drell and 




Y q+m '■iq x 

2 2 

q -m +ie. 


D ix) 


(2m)4 


d^k _ik X 

2 ® 

k +if 


1 1 
2 2 

4x X -le- 


(3 2) 
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Now. 


D x) e ^ = Z. -ZLi- 

■h „ ^ n' 


n=0 

1 

2nx 




n+1 


] 


dz r(-z) (-f2)=" 


(3 3) 

where c IS a contour enclosing positive real axis and running 
in the clockifjise direction Ihe contc r c can be deformed 
to a contour c^ parallel to tne imaginary axis and 
-I'^CRez ^ 0 on '^he contour The ej-tra contribution 

coming from a circular arc of infinite radius can be seen to 
be Zero Thus we get for the above expression, 


f ^a+icc 


a-ico 


I'j, (x)e 

VAj^ere —1 <^oi <i o 
Now using Gelf and -Shilov formula'', 


dz R-z) [1,{X)]^+’- (3 4) 


3o 


I)f(x) = - 


( 2 %) 


A 


J 


r ( 2 -z) ! 1_2^z-2 ^ikx 


TiT 




,4i (f \2-2z 
d k (471) 

(3 5) 

and performing the x-mtegration and one momentum integration, 
we obtain. 


2 (i) = 2^ ^ r(-z)2.(p, z 


&){3 6) 


Where, 2(p,z) = t(z) j ^ v (3 7) 

J (p-k) -m ^ 
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and 


i'(z) = (4 tc) 


(J B) 


NoWj by Lorentz invariencc 

Z(Pj z) = |i"A(p^,z) + ji B(p^,z) 


(3 9) 


where 


(P z) = 


1 

4f^ 


Tr (|5Z(p,z)j 


and 


^(p^»z) = ^ Tr (2(P.z)) 


(3 10) 


(3 11^ 


Froji 'Bqs <'3 10) and (3 11) we get, 


B(p^,z) = 4P(z) I (p^, m^, z) 


2 2 

where, I(p ,m , z) 


f 

(2lt)'^ (p-k)2_^2 




and , 


(27t)^ (p_k2)_,j2 


(3 1?) 


(3 13) 


(_k^)^ ^ ^3 14) 


In nqs (3 13) and (3 14), wt take p to be space-like Por 
time like p, an enelyti'^ continuation can be performed The 
integral Iip2,m2,z) nas brcen calculated in Eef (12), hoi^ever, aa 
there is a s^all error in that calculation, we give a calculation 
of the integral helnw 

Using a-p-'r-^mctric representation 

00 

1 


(p-kj^ni^ 


/ exp [ctf(p-k)n„,2j] 
o ^ 


(3 15) 



19 


and , 


(->) 


z-1 


r (i-z) 


OCi 

[ ak ' 
J e 

o 


(3 16) 


1/e get 




l ( p ^, , z ) 


1 

r ( 1 -^ 


C 


(2t)"* o 


d d a 2 


){ exp [ (p-K)^-m^ ]>-!- 2 ^^^ ^2 ^ 


where 


i'^k = d^k dk^ = xd^k dk^ = i(d^k) 


Eucl 


k ^ =- k ^ " ~ ^^Eucl 

bhifting the origin of integration variables in (3 17) 

1 r d^i 


I ( p ^, m ^, z ) = 


r( 1-z ) "^ ( 2 ) 1 ; ) o 


^ da^ da2 


exp [{a^+oc^)f] exp [+ Jag ^ 

(3 18) 


a^ a 


whe re , 


i 


a^ 


'\x IJ. a^+a^ 

Integrating over ^ , using tne formula , 

r d^i = 


(3 19) 


J { 2% )^ 


e 


P 2 

16 % ( a ^+ ag ) 


(3 20 ) 
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¥e get, 

30 

z) -i j 

1671'^ P 1 ^“Z ) o 
■> exr Xg” ^ 

To evaluate (3 21 ), introduce the chango of 


variables, = rt, 

Up = r(l - t) to 

obtain 


I(p^,m2, z) 

167 2 r( 1 -z) 

C50 

0 0 

dt r ^ ^ (l-x)” 


2 

exp [rt(l-t)p 

- m^rtj 

(3 22) 

Defining, 




s = 

- t(l-t) p^J r 


(3 23), 


integrating over s by using the formula, 

oO 

^(z) = J dt t^"l e“'^, 


le get, 

Kpl^tz) = - h at (i-t)-^ 

I6r r ( 1-z) "^o 

X(1 + -p^ ^ (5 24) 

m -p 

_ _ 1 R-z) r(n-z) Tn-z) , 2 _ 2 )Z 

" i6x2ri-z) rra p ' 

2 

XFC-z, 1 +z, 2 , - g ^-p ) (3 25) 

m -p 


'50 

da„ 

J 1 2 . 

^ 5 2 

o (a-j + o: ) 


/7here P is the hyp) ergeome trie function, defined by. 
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P(a,b,c,z) = 


r(b)r(c-b) 




(5 25 ') \ 


Using the formula^ 

F(aj b, c, z) = (l-zj~'^ F(a> c-b, c, z/z-l) 


we get; 


(l-p^/m^) ^ F(-z, 1+z, 2, -p £-2 ^ 

m -p 


= r(-z, l-z, 2, 


v^hicb gives, 


,2 ^2 ^ ^(-z) Rl+zj , ^2z 2, p^/m^) 


l,p"^,m ,z) = - 1 


(5 26 ) 


Using a-parametrization, A(p , z) is written as 

A(p2,z) = _ r /da da 

p^ U (2n)^ o 

exp Ca, {(p-k)2-.2) , _ 2^^ 

(3 27) 

Again inter changing the order of a and moaentnm integrations, 

and defining as in Bq (3 19), and performing integration 

H' 

over I using (3 20), and noting that 


( 2 %y 


exp [(«]_ + ag) ° 
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\<e got, 


A{y,z) = 


r 


r 


-1 J da j aa 

I 6 ii 0 0 




CC-j Qi_ Q 

Tp^ “J 


OC-, +CC 2 


a. 


-z 


1 


(a^+Q: 2 )^ r(l-z) 


■2r(z) 1 I(p^,n2,z) + I 

^ <^''Z 


[-2 + 2 0 ,^+^ J 


1 i(p2,i^2^^j^^ (3 29) 


wliich on simplification becomos, 


A(p"^,z) = - 


(4.)-2" r( _.) Tci-z) a®" 


and 


8 tc 


><[P(l-z, -z, 2, p^/n^) 

2 2 

_ _i_ (z+l) ^(l-z, -z, 3, P /n )] 


B(pt=.) = ^ (-f2)M4,i)-2^r(-^) ^( 1 -^) 

4 % 


l(l-z, z, 2, p^/m^) 


2 /„2- 


;5 5 ) 


(3 1) 


Writing, 


2 (p) = p (p^) + 


(3 32 ) 


wiioro 


Mp^) 


,f dz ^(-z) A(p^? z) 

Siti „ 


B(p^) 


_ 1 / dz PC-z) B(p2, z) 

~ 2 'n;i 


{3 33) 
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integrals (3 33) ar^ evaluatec by dcforjiing back 
tne contour to c and taking 

( ~1)^ COG %Z 

SO tl at 


A(p^) 


and, 

B(p^) 


a 1 

2n 2n;i < c z 

xfcoe %z ['R' (l-z, z 
- ^ ( Z+l) P( 1-2 -Z 


^ 1 
It 211:1 


Xcos ixz 


J cz ( 

^1 

(l-z, -z, 




2^^ 


(lor"") 


z‘ 


2, P^/n^) 


3, P^A^)] 


.z [r(i-z)]^ 

16ii^ z^ 


2, pV^^) 


(3 34) 


(3 35) 


Ihc integranas in Bn (3 34) and (3 35) nai/C double pole 
at z = 0 arc tripl-. pole at z =1,2,3, iveeping only the 

leading terns in f (i e considerint, only the double pole at 
z = 0) , 

A(.b = - t [ in g - I , . 

(1 + In — ~ - P- )+ 5/4] + 0 (f^ In f) 

P la 


(3 36) 
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f [in if - I Y H in 


2 p 


+ U In f) 


m 


+ ^ ] 


37) 


Expanding 2(p) around ’p^= , ue get, 

Z'(p) = + (i-m) C2 + (p) 

= + (?(-m) [C 2 + (^-n) (p)] 

and we can loentify 

=1 = =^(P>l,(=m 

= m[A(m2) + B(ra^)] 

Using Eqs (3 36), (3 37) ano (3 39)> we get, 


(3 38) 


{3 39) 


6111 = ^ [ In - I Y + I ] + 0 (f^ In f) (3 40) 


Tills expression is to Be compared v/’ith the result in conven- 

3X 

tional quantum electrodynamics given as, 

om = 2s [ in h + 1/4] (3 41) 

z% in 

It can be noticed that the inverse of the minor coupling 
constant, f, provides a natural ultra-violet cut-off 

The expressions for A(p^) and B(p^) can be put in the 


following form, 
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./.2^ ./ 2s a m. -E 

i(p ) = Hn ) - -5- ^ (1 + 2 2 

2p P 


(3 41 ) 


B ( p ^; = L ( j ^} + 


2 2 2 2 
2 ^ ^ 2a ^ ^ 

p 21 


(5 42 ) 


tiat, xising (3 32), (3 38; (3 41) p^O! ^3 42; To g^t, 

2(i ' - ^ (P^) + 2i-j(p^) - mP{ i^) -in3(m2) 

= ( l ^- m ) ^ 

2 p 


\ p a 

_ 22s its in ] 

2 p 2 


(3 43) 


Eq (3 38), we see that Cg caji he obtained hy(3 43) 
putting = m in the sauare bracket term, so that 


. / 2 \ , 

= A(m ) + 3" 


^ r(l + 2 In - 4 In ^-2^3 ,2 2 

2 % m p =m 

„ 2 „ 2 _| o o 


, ^ [ 1 - 2 in ] p2=ni2 (3 44) 


The wavo-fuuction renormalization constant for the electron 
IS give 1 by , 


= 1-02 


= 1 - ^ sl - i V - 1 : - s 


I In ( 2^ ) I 2=m: 


2 + 0 (f^ In f) 


Gonparing (3 ^3) ^ritn (3 38; 


c g^t 


cqaa tion, 


^2 f(’o) = 


p 


X [ 1 + 


2 2 2 
±+T X -p -1 2 an 


^4- 2 2 

2 J-r 2 
2p m 


(3 45 ) 


Using v3 4'^) for Cp, aro iultipl_y inj^ Doth. &..*.d s by (;gi'+n )5 \re 




[1 + 


2.„2 „2 „2 


m +p 


,2 2 


2aia ( jH-iji)^ , m -p' 


\ .y ■ -1 ^ ^ 

2p2 


^ (^+in) [1-2 In ^ ^ 

HI ^ —in 


(5 46) 


It can be rewritten as, 


2^-p(p) = ^ [J (P^) + (/+3i) E(p2)] 


(3 47) 


where , 


J(p2) = 


2 2 2 2 2 2 
m r-. , +P . m -p 2m -, m -p i 

— ^ [1 + — In — P In ^ J 

2p"- p^ 


and, 


Op P P P P 

p:±b ri+ E~.±R In S— IL...1 

(p -m*^) 2p p m 


(5 48) 


Is m 

2 2 2 
P p -SI 


2 2 
m -p 


(3 4q) 


2 2 

2 ^ 2 2 
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Defining 




a 

2n:r 


[ 


1 

2(l-pT 


(1 


2 -3 P 

1 -jC 


InjC ) 



1 

2p(l-p) 


( P + 


-4+4P+P‘' 

1- p 


Inp 


) 


+ I In (1-p) 



(5 53) 


Tnis expression is same as one obtains in conv ntional 
calculations^^ Ihe logarithmic divergence in the last 
term in (3 53) is the vrcll known infra-red divergence 



1/ PilOTO oEL 




In this sbGi:ion \ tk , Cctlculai;- "tn- photon s-lf wn^-rgy 

to secoiicl oraer in iu-ajon coupling^ constant e =^ing the 

interaction L and trcaX the problem of gauge luv'-rianoe 
£ r) 

coming in this calculation The natrix element for this 
process i.^ given b^ (see Pig 2) 



Pig 2 Photon Self Energy 
= le^Jo^x r ( 

X exp (f^Dj^(x)) exp ( ik x) (4 1) 

Now , 

e.p[hv-)] = S 

^ O- J n-z) rnCx)]"" 

2ni. c 

(4 2) 


r 


i 
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wiiere c xs tie same contour as used i’^ detxnxng So (3 3) 
Substituting for exj ff ^ )1 2'' into Tq (- 1) 

and after little rearr!=‘ngpment we get, 


av 

n(u 



where , 

/\ 

(t;,z) = le^ I e^g (ik s.) 


(4 3) 


X Tr ( ) 


.^^p(-)) (4 4) 


kov to bo able to apply the formula (3 5}> write 


(k,z) = + 2 ^ ^ H-z) f] (k,z) 

"2 (4 5) 

wher^ 02 is a contoui runniUt. psi'^llcl to the imagmery 
axi ano lying between Rez = C and P^-z = 1 Jsing 

formula (3 5) and Eo (32, anc doin^ Integra bion over 
X and one momentum integration using 6-furction as in 
Sec III, we get, 

/ { d^p_ 


(v,z) = \{z) 


( 2 x)^ ( 2 m)''" 


irf Y^" l/if 
‘ V-m 


X n x(£±ar}4±m 1 (.^2)^-2 (4 5) 

(p+q-k) J 


where , 
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K{z) = -e2 (-f2)Z (4it)2-2z il2^ (4 7) 

To secure con/ergence of momentum integrals^wt 
shift the cortour to lett so as to lj.e between Rez = -2 and 
Rez = -1 In this process we encounter a simple pole at 
z = 0 whose; contribution cancels 0) 5) g-J-vingj 

kjZ) = i dz ^(-z) 2 ) (4 8) 

C3 

where still given by tne expression (4 6) 

The contour is parallel to imaginary axis and lies in 
the region ~2 < Rez < -1 The Quantity z) in 

Lq (4 8) IS essentially the S'^me as the one appearing in 
re± (32), although the full (k) is different However, 
some of the steps in the aoove reference appear to be 
incorrect tfc have repeated the c'lculation along the 
same lines as in t c pbove refererce 

Calculating the tr'^ce occurring in Eq (4 6), we 

(k, z) = 4 K(^) j/ 7^7^ 

p^(p+a-k) -p°^(p+q-k)jj, g^^+p'^(p+a-k)*^+g*^^m^ 

( p^-m^ ) [( p+q-k) ^-m^j 


(4 9) 
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liow we write 

(k,z, = 

Then we na/c , 


(.2 ui/ ^ G(k",Zi + g"-" l(c^,z) (4 10) 


h '’ L(i£^,z) 


= ^K(-)]j ° 


d^q ( 2\Z-2 

y— M— y ( -q } 


( 2 Tr ( 2 it)"* 

p k(p+q-0‘' -p‘"(p+(I-k)ak"'+p’'(p+ci-lf) 1^+1^ 


m 


Vjp+q-^) 


m 


2-! 


(4 11) 

will first calculate the integral m Eq (4 H) 
for space like k anc then analytically continue to the oime 
like region as m the calculation of electron s^lf energy 
Eor this we us^ the a-paramotric representation as in Sec III 

to get, 


k 


■>} 


Kktk) = '^'’2 «“3 

r 


X -xp [a^(p^-ni^)+a2 |(p+<l-^) j 

-z+1 


+ - f»( 2 -z T ~ 

+ (p k)q^+ (q k)p'^- (p^k'^ + k^p*^) 

+ m^k" ] 12) 


How let. 


t:. 


(p-k) 

_ + — ^ — 

an ^ a,o+a. 


using Bqs (3 20) and (3 28) we get 


(4 13) 
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Kk^.z) Sjja'i ‘.‘^2 <J''3 I ®^P [Cj^Cp^-m^) 

-z+1 


„0l 


-^- 2 ’^ a^+ 


2^3 /- .-.2. 


fr-kj^] 


k: > 


16tc^( a^+a^ ) 


( -k), k’'-(p k) (r,-k)'’-{p-k)„t-%^} 
2 — ^+2(t k) J^k^+K^p^ )+m^ (4 14) 

( a„+a, ) 

2 ^ 


llaking the substitution, 


1 ’ ' 

L- = p -k 

^ \\ Jr I 1 


a2Ct^ 


p -p -^p la^a^ + a^a^ + a^a^ 


(4 15 ) 


no 


integratinsi over ( ” using Eq (3 20), (3 28) and 

'dH e'"-' i,C., 

^ 3Z% a 


J 


(4 16^ 


and simplifying the expre^&ioa ue get, 


l(k‘^,z) = 


4Kz) 


da^ da^ da„ 
1 2 3 


\lo%^)^V{2-z) (a3_a2+"lV“2“3^ 


2 


-z +1 


X exp [ 


.2 , . - ^ ..2- 


“l“2’^^l 5 2 "^3 


(a^+a2)m ] 


a. 


^ 2^3 




^ t a^a2+a^a^+a2 

'] (4 17) 


+m 


Wow to calculate the integral over a - parameters in Eq (4 I 6 ) 
we define x, y, z as 
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(4 17 ) 


and change to xol r cooroin tes i e 

z = r sin 0 cos 0, j = r sin 0 sin 0 


z = r cos 0 


(4 18 ) 


Finally we get 


l(k^, a) = 


%/2 t/ 2 o -j 

t(z) f dCffJ? ar (r)2"-l ^ 

o o o 


*) p^^“] PA P p 

y sin" 0 (cos ©) [r sin^G cos 0 sin 0 

-k^ sin'^© cos^0 sin^0 + exp fk'^/r^ 


m 


sin^0 


cos^0 sin^0] 


(4 19) 


whe re , 


r(2-z)(i6it2)2 

We first do integration over r by defining, 

u = 1/r^ 

and using j^q, (3 23 ), this gives, 


(4 20 ) 


(4 21 ) 
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7t/2 




j f 0 I" O'? -z-1) 


V '' 


xQ 


\Z 


sin^O co"’^© sa'i‘^0 


- 


y [ Q cos^0 sin^ 0 i- - in^( z+l-sin^0 ) ] 


^ cos 0 sin 0 sin'^ 6 (cos G) 


2z-l 


(4 22) 


N'ow to integrate over 6, we sabstitute sin © = s and get 
7) (k'^jz) = — ^Xsl-Li_2z^ I" cos 0 sin 0 


m 


008^0 sin^0 


2,^, 2 


( ds(l- "°"^ P s) 


(l-s'>^"^ cos^ 0 sin^0 k^z 

-z+l , „2 „z+2t (4 23) 


- m(z+l) 


+ m B j 


Now using the formula (3 25‘) the integration over s can be 
done and tne result is , 


u(k^sz) 


X ( 


(m‘^)^ f c0 sin 0 cos 0 
4 Jq 


cos^0 sin^0 


X 4 -., 4 , ) 


m 
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I cos^^2 sin% z-m^(z+l) ^ ^ 

(-Z, 2-z, 2, ,2^ 


+ n 


2 ^"(z ^ r ( 3 -g) 
xHT) 

Q ^ 

cos ^ Sin^y:? c 

2 

m 


Z^l ^ 


)j 


(4 H) 


fo p^rforu th- xemainipg integral over d = sulstitut-^ 


sin 20 = t 


(^ 25) 


and the result is, 


I)(i^ z) = tT nz) l'(z)F(-z-l) (4 oi 2)® { dt (l-t)-l/2 


16 


X t ^ [ z 


j „U , -z i, -(-^5.2 


“blr^ 

(-Z, 4~Z, 4, 


. 2 V(3-z) ^ f , „ ^ tk^^ 

4 . jQ — — - ^^1 (-Z 3-z 3, — p) 

r( 3 ) " 


- m^{z+l) 2^1 7^^^ 


tk' 

4 iii‘ 

(4 26 ) 


(9) 

Now we can integrate over t using the formula 
1 

J dx (l-x)'^"'^ (a^^jag, b, ax) 

^o 


P(h+d) 


{)), a^,a2, }i+v',V'^, b, a) 
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ana obtsan. 




i ( z jV(z) {\-l-z) 


( 2 --z,-z. 

^ p( 5/2 - z) 4 /( 4 ; 3 ^ 


2 2 2 

4-z, 5/2-a, 4, k; /40 + m 


1 ( 3 — 2 ) ^ (1/2) ^ (l— z) p fl ” 


X 


3-z, 3/2 - a, 3, (z+l) 

r ( 2 - z ) r ( l / 2 ) Hi 

fl 2 ) jH 3 / 2 '” 

2-z, 3/2-z, 2, k^/4m^)] 


p. jPj (1-., 


(4 27) 


In the above equation we change functions in 

terms of ileijer’s G- functions^^ and afte-^ some algebra 
we get, 

1(1^, z) = G(2) r(z) T’ (1/2) (-k^)^"*"^ 

|-pl 3 ) 

^ 33 4m2f -z,-3/2, -3-2 


+ G^l (- 


+ G: 


13 

33 


r 

4 m‘^ 


-1, 1. -3 ) 

-1-z, - 2 / 2 ,- 3 -z 


(- 


k' 


-1 , 0 , 


4 m'^ ? - 1 - 2 , - 3 / 2 , -2 


)] 


(4 28 ) 


57 


The expression xn sraare braoke t‘=‘ can h’- simplified^^ to 
get, 


-5 13 / 

35 ._.2 


- 2 , - 1 , 1 


) 


( 29 ) 


-z-j, -> V 


Jsing tho relatio' 


^33 

-+D1 


— 2 , — 1 , 1 


-z-1, -s-5, -3/2 


(4m^) 


2 \Z +1 ^13 f 


35 ^ .2 

4in 


z —1 j z , z+ 2 

1 0,-2, z-1/2 


) (4 30j 


and converting the G functions into P function and substitut- 
ing for G(z) we get, 


.2 ( ^23^ 

.2 \ ( n^^]' 


D(k‘^, z) = - 


SIC 


2+2z 






S - Z 


Now, 


r'( 2-z ) r ( 1-2 f 

(l+z)P(5/2 -zj/‘(3) ^ ^ 

-1-z, 5/2 -z, 5, l^/4m^) 


C(k^,z) = [g^^^'^(k,z) - 4D(k2,z)]/3k" 


(2-z, 1-z, 


(4 31) 
(4 32) 


We have , 


VTT 


= 4K(z)ff ^^*1- (-q^)^“^ 
(2n)® 

-2p^(p+q-k) + 4m 

^ (p^-m^) ^ (p+q-k)^-m^~J 


] 


(4 33 ) 


using once again a-parametric representation and evaluating 
integrals over momenta, we get, 


IL 
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4 ^ ( z) 


( 16%“^ )' 



o c, da^ G 
J- ^ 3 


^-i OCpU,- p p 

L -i ,,a-+r- - a,+ 7 ~^" ' J 

X Z 2 3 13 


i 


4 o:^ 


( + CX-, a^ + a, f„+a cy„+a a„ 

1^ Iv- 23 1213 23 


+ k 


2 ' 


1 -z 


( a^ap+a^a^+cXpo;^ ) 


+ .21 


II2-Z) 


(4 34) 


i\IO¥ using Eq (4 34 ) and Eq (4 16) We get from Eq (4 32) 


c( % z; 


8k(z) 


p( 2 -z)(l 6 ,i 2)2 



da., du„ da„ 

123 


X a- 


3~z 


°=l “2 


( aj^a^+aj^a^+a^a.^ )‘ 


X exp [ 




Ua OC n ) U-| Uiy ^ ^ 

12 13 23 


k^-( a^+a2)m^] (4 35) 


The integration over cc parameters can oc c'^rrit.d out as has been 

p 

done for E(k ,z) earlier The end result is 


C(k^, z) 


l 6 x 


2+2z 


(_f 2 )Z (n^)^ r( .j^ 2 l 

^ ^ z pVn 


X ^^(-z)r(4-z)^"( 2-z) 
X p( 5/2 - zl 


^Ep (2-z, -z, 4-z, 


5/2 -z, 4, k^/4m^) 


(4 36) 
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Ho-w from hqs 

(4 8j and (4 

10 ) dve 



Tfhic) 

( 2jii) 

= { & 

Oik-; + L(m^) 

(4 

37) 

/7he re 





O(k^) 

= ^ 1 

02 , 1 ( -z) 0(1^^, z) 

(4 

38) 


""3 




m?) 

= -X. J 

dz^(-z) z) 

(4 

39) 

2tii e_ 

3 




From Eqs (4 36) and (4 31) xs seen -i-hat the xrte^rand in 
(4 38) has double pole at z = 0 and irtegranc in (4 39) bas 
a simple poles ax z = 0 and at z = -1 CalculaXinj contribu- 
fcions of tnese poles wc get, upto twrms of order f° i 



•Where 
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ihis gives for the photon MSiie tiic+ioi renormeJLisation 
const ent 


^3 = l-o(O) 


1 - ^ [lo« 


'5'k 




+ r - 3v + lOo 4 


2^6 


5 


+ 0( f log f J 

Now we write G(k^) ns, 

G(k2) =: G(0) + k2-^(k2) 

loentifying k^) as. 


(4 42) 


"JT^fk^) -4^ r f' “I ^ ^ T _ Vl A+ ^ 5,1 

A ^ - - 3it log ^ ^ 


+ 0(f^ log f) 


(^’ 43) 


This result agrees with the standard result in quantum 

33 

electrodynamics 


Gauge Invai lance 

In the above calculation DCk"^) is not zero which 
implies lack of gauge invariance v/e note that I'^f^ term 

p 

in D(k ) IS reminiscent of the quadratic divergence in this 

quantity encountered in naive perturbation theoretic calcu- 

33 

lation in conventional quantum electrodynamics In the 

latter case a careful calculation employing a well defined 

gauge invariant current operator^^ or appropriate gauge 

29 

invariant regularization ensures 1=0 
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In our formelism cxso, ve sV’o^-q -i.oci±/ t'^c; current 
operatoi, becaus'' product ot fi-lr cpe^-'tors a"^ the s me space 

ti p in-^ 1 c i _u 1 II"' -.e , + _ri-i I , r pi '"e 

iKiL-ni strictly gau^e irvari nt oneratoi ^ ^ 

+ c/2) U' e/2)eyp [ -le J d (3 .( p) j 


^.-e / 2 


wnich gives rise to the additional interaction, 


(4 44J 


1-.2 j' ^ 2^2) e/ 2 ) [fa(x)] 


y+e/2 

■ J 

y-e/2 ^ 


(4 45) 


To obtain the addi+ional contribution 'to the 

polarisation tensor, due to the above interaction, wc must 

f ^ 5 ^ 

express th^ first order S-matrix due tc "^'h-e form 


1 I o I (x) 

J 


-1 j d^^k A^(k)n (x) ) + 


(4 46) 


where 




( Zn) 


2 


(4 47) 


^-integration in Eep (4 45) can be carried out along a 

^ PI ^ ^ ^ 

straight line path p =x+-^s e, -l£s^l 


^2 


loting 

0 j (z+ e/2) ^ (^-e/2) | 0/> = - 1 ^(-e) ) 

(4 48) 

1 5 

'e obtain after s straightforward calculctior, 

rr^,,(k) = ie2 £ Tr [v. b(-i)j ^ sii (k e/2) (4 49) 

(-i* > \x t, 

i'hib gives in tne limit e 0, a quadra ticslly divere,ent 

p 

contribution to Ij( k ) wh^e i. C'-ncels uso'’! cuedrctic 
divergence in L(k‘^) Gallin^ tne contrioutior to I>( k ) from 
49) as D'(k^) and using ho (4 10) eno (4 ‘^ ) we have, 

+ ^ J a.n-z) 

°1 

= D'(k^) + l(k^,0) + 2^7 ,? j 

Cg 

(4 50) 

(- 

0) is the usual quadratically divergent quantity end, 
as mentioned aoove 

liffl [D'(k^) + D(k^ G)J =0 (4 51) 

V* ^ 

£ — ^ 0 

Thus giving, 

^2 
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sum of zero, one, tuo, ^rpvito?:^ 

diagram in Pig, (3'' cort-ins lodifie 
fc^rsviton vertex wnic^ is sep-'T'^t 1,^ 


e^ohniocs Tlie 
1 c-^rr 'i-elpcfion-- 
Tou"! ir Pig 


r 



\ / 
\ 


V ^ ^ 


Pig 4 


Modified Electron-Bloctron-b-raviton Vort.-x 


The matrix element for this diagram is giver \>j , 


/ / , , . s 

(1» q" ) = ( Y''(2i'-q ' 

a-i 


T| 


V 


-q ' ) - m 


Y (2'’-2a'-/ q" ) 


^ — I — -V ( 2<?+2q ’ -a' j 

Y d+q" -q' )-n 


{ a 2^1 ^ 

X (- q ) 


(4 53) 


where -1 4 a4 0 The function h(z^) includes the z-dependent 
factors other than (-4^^'^ nn Eq (3 5) and v-rrous cons- 
tants The integral over q.' in Eq {4 53) ns obviously 
convergent without shifting the contour c 
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Fe^t \e eye aine the high nomcritu^ hehc 'lour of 

, q" ) 



cinot j 

-14 a ^-3 A 


onts c u easily see ti'-t 

lim ii(£ , S5 q" ) ^ ^ (log s) < 

S 

« 

wiere is t non-negative integer 

Niext we determine the aSj^mptotic bexiaviour with 
respect to ^ Setting 


/C|= 

XI 2 

lim M(t,-^, q” ) < f” (log t) 
t-^ 

q" fixed 

2 heing some other non— negative int-^ger and where 
~ c find beho-viour of M( £, q” ) 

both £and q^' tend to infinity 


net , 

<!'■ = CO^Q" 

4 ' = CyQ"' 


e= co^ t" 
= co^ “o 
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when 


m 


iloWj the i^atri^ el Font fox di gi - tt' j_.n (3) is giver 

t>y , 


k2L(k^) = kl^ 


, a+i^o 


ozp f d"^^ a\" a 

f.-!/ a-ii>o J 


^ 7 ' (p^q- kTr^ l*(p-k+q,a") 


t k 


Y (p+q" -k-rQ )-u Y (p+q" )-n 


X R(p+q’' ,-q" ) 

S ~j 

X (-q2) , 0 1 (4 58) 

Now hy power coun+^ng we c"'n soo th'^t r” ana q integrations 
arc convergent To see convergence of p-integration we let 
r p| = gjid then by power counting, we c^n see that 
u - integration is also coivergeit Hence D(k ) <^ 0(f log f) 

“V- 

ihis completes the proof of gauge invariance of^Jp^ (k) 
upto order f° 



T 


P4PT 


In thivj section vi- c'-lculat- tnt. v-rte^ part by using 

I The P-ynmann Piagram is shown in Pigare 5(a) I-bc 

A 

quantity r) (p' , p) in lowest order i" biv<^r by 

A'Jp., p) = J jj d^y 

(y) exp [f^Dp(y)] Ya (^+y) 

.exp [f% (x^y)J (5 1) 



Pig 5 Lowest order vertex correction diagram 

It turns out that the term represented by diagram 5(13) 

IS convtrgent and inclusion of other two superpropagators 

2 

as sliown in diagram 5(a) alter the result in omer f In f 

Therefore, to orfler (f)°, it is sufficient to consider the 
diagram 5(t))r so that 


4S 


/''(p',i') = o^j o^{ I } ‘3p(/) Ycc I^jC^+y) 

\rixp [f^ (^+ 5 / 'll e p Tip’ xj exp [ ip j ] 


JProceedinfc, as in section III, rft- -,^-1;, 


(5 2) 




(p* . p) = 


r-- f dZ A-z) A (t ’ ,p,z) 

'^-ICO 

-1 <• a ^ 0 


(5 3 ; 


where, 


A’^(p',p,z) = 




(27t) 


(r' -q.)^- A 


(p-q)^-m' 


X Y ; 2 2 ^ ^ 


2 nZ -1 


(b 4; 


w|>ore 1 ( z ) IS foivci by (38) 

, 1 / 

ijow we Sii£ll show that A(p',p; ^iven by Eq (5 3) 
satieties the Ward Identity^ iilultipli^ijib So (5 4) 
by (p-p')^ and sunmny ov^r I- , ■i\ 1 



':y“ [ 

= y (p’ ,z) - 21 (p,z) 

4 -J 


(5 5) 
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Hence , 

(p-p') A^p’,p) =2(p'^ -z (pi 6) 

whio-a completes +he proof oi V/nro's identity to oraer 

since t*^-^ inclusion of tb- o+b.er two supcrpropat,"tors os 

2 

snown in Fig 9(a), can alter tnc res lit in thy order f In 1 
Ilie dir^-ct calculations ¥ 1 + vertex aro vers- complicated 
iowcver, we CcU easily rtil-tu the verier ronormaliza+ion 
factor ana the traditional finite part left after the 
renormalization to the quantities elre'^dy cdcul^ted and 
to some quantities in conventional quantum electrodynamics 
It IS to ho noticed that for the contour lying between 

-1 and 0 , the integr-^l in Eq ( 5 4 ) is convergent Ve now 
writ- , 

A‘^(p' , p) = L + A(. (p’ ,p) (5 6) 

who rc , 

^+ 2.00 , i ] 

i-H = ^ <3" r-wn Afp ,p,2.)jj,^ (5 7) 

From the Ward idontitiy Eq (5 5), w have L = -Cg where 
Co IS tho quantity calculated in Sec III Also, 

A^(p'»p) = 2^ J A^(p‘,P,2) (5 8) 

Of -loO 
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^/e can write, 

A^(p’ >p,z) = J'd^a fn (qjP', ,z)-h (q, > vz) ] 

(-r^) 159) 

where , 

(q. r',P,z) = -Cz) y“ — — - — Y„ 

(5 10) 

The integration in Bq (5 9) over q for 2 = 0 i* finite 
The quantity /\^(p'>p»0) is obviously the finite part 
in conventional quantum electrodynamics 

Bow , 

A^(p',p) = Ar(p'»pjO) + / dz r(-z) 

^2 

X Aj.(p' »P»z) (5 11) 

jiherc is the contour described in Scc III By shifting 

the contour C 2 such that 0 < lez ^ 1/2, the integral over 

q in Eq (5 11)? is seen to be converge'ct Therefore, the 

integral in Bq (5 11 ) only gives tho terms of order f"^ In f 

and higher Moreovciythe addition of the other two 

superpropagators in Eig 5 (a) affects the result to order 
2 

f In f ox higher 
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le h.'-'ve, tht-r-.forfc, s o tJrst apto z rotJi order in f 

the vertc renor -xiz tion cjn tgxit — . co d/ the hard 

TVie f‘y>\+e )£>ayt 

identity/ ard i unite aft-^r r noj.^i^l3 z^ ti^^n ii sen& 

A 

as in tn^ conve tional cua tun -lectro nanic'^ 




VI i> 00J^ 0± llilTjji’LS^ 


OF JHj: i-iDuh, TC AjjJj 


In tnic; section, vie nresent the proof of tVie snopression 
of altraviolet divt- rgcnces for the tli or" forn-ulatcd to all 
orders in e 

Vu consider gen-rel graph in ^roitrarj ordi.,r of 
It has between an ^ two vertices, 

(a) zero, one or t/io foimion linos, 

(b) zero or one photon lino, 

(c) one superpropagator 

02 ting in Feynnan gauge, che photon propagator 
whenever present c^n bo absorbeo m tie suporprop^gator 
as wo did for electron self energy calculation For the 
timo being we ignore the term in the hagrangian and 

consider matrix elements due to L only In the contri- 
bution 01 c* given diagram th^re arc ollowirg integrations 
(a) over superpropagator momenta (b) over momentum of 

each internal electron line and (c) over the complex 

Venables z Also there '-re, in the integrand, the 
1 3 

6-functions giving energy momentum conservation at each 
vertex and Gamma functions coming from oommerfold b'atson 
transform and the Fouiier transforms of super-propagators 
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(i e from use of '^elfprd ^hilov formut^ for I^(^) ; j.It'us , 

j ? 

Ignoring cer't'^m ■’lou— esscnti''-L 3 ■•-i “^frix elemerf 

for a general diagrc-'^ c'-n b- /rrittc t in the symbolic foru. 
as 


M 




z 

) 


ij 


r ( 2 - a ^ ,- a ^ J ^ o z 

q 


7^( z +a ) 
^ ij 13 ^ 

1 


Y 


j-1 - X ,]- (_q2 )-i/ ij -2 'I ^ P, 




TT 

k 


6 ( Si . - Ip - Zi ) 


(6 1 ) 


where the symbols rujjrcsent number of pioton lines 

(0 or 1) and represv^nts rhe sum of extern-’l moment*- at the 
Ic-th vertex Tn^ contours ot integr^tio s li^ p^^rallel to 
the imaginorjr a^io with -1 <, He z ^ G 

For fon ul- (5 l) it nas b-e tiiet whenevt-r 

necessary tie contours h*- «ro been s iftea to right to satisfy 
Gelf-^nd Jhilo/ condition i w 0 -s. Re ( z 4- p* ) ■<C 2, and 

1 j 

after the Gelfand ohiiov formula h*-v. betn substituted the 
contours h^ve been t'^lcen bach (as was done in the photon Sc-lf 
energy calculation) This causes no problems 

Row p simple observation simplifies tit, proof of finite- 
ness tremondously The observation is as follows 


The vsriables appear t ith si^ i ii the 

ejcponent of end i p- functions in tiie denomnator 
and with a negative sigi P -functiors ii the rur eretor 
This observation loads us tc the coicIusl +r"^t contours 

^ij shifted to the loft to seexr'' cor /v.rt^cnco of 

^10 i^Tcgratione enc no n^w singularities are introduced 

]\io 7 in Bq (6 1) some of the j.rtegro.tiors over 
momenta can be done trivially by o-functions ^fter these 
integrations , we are eitfer left with only some superpropa- 
gator momentum integrations as in tho case of olectron selx 
energy (See III) and vertex part (Sec V), wnicn are convergent 
by the above argument or there may remaun integrations over 
some electron momonta In a situation of tie letter typ^ 
at least one of tho electron propagators in tiie integrand 
will involve a line'll combination of thw cli^ctron loop 
momentum and at least one of the superpropag'^'^or moments 
ns in the photon self ener^ case in b^-ction IV how since 
we c'^n m'^ie the q intcgr^'fions as uch convergent as wc 
like, giving asymptotic behavior for large p as 

— p [log I p| with p becoming gr'-atcr -nd grc'^ter for 

fpf ^ 

shifting the relevant z-contour more and more to +he left, 
thus ensuring the convergence of p-integrations 


how performing momentum integrations, we get, 
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10 


r' +OC ) 

1 j 1] 


^ ^ ^ I 

jj ij_ (_ 


) f(p,z) (6 2) 


1Zt‘ 


i<0 

wher" f(p, a) function of t io ^ n Rx E.O!iien+ e '’nr z * s 

-*• o 

obtpinod eft^r the q ■’nd r in+rgr''tion'' ho\T it c'^n bd e'^sil 
scoh that f(P, a) is a bouiccd fu iction of on their contours 

This can be seen as follows symbolic a llv , -jc can write, 
f(P, z) = J d^p o^q g(I, ,q,z) 
therefore, ^f(p,z)\ 4 d'^o |g(I,P 5 q,z)f 

how it should be obvious from the abov’ discussion that q and p 
integration are m fact absolutwly oonvf'rgent Tnis proves the 
statement made aoove 

Por the asymptotic beh-’vior of -functions we have 
V (az+b)<^^f^ arg z4 ti, E->0 5’! 

I"© 

Writing z = x+iy = re wo h"ve , 

{T** ( sz+b)j ^ (constant) e~^^ ( ar*^^^ e (6 4) 


hquation (6 4) shows th^t for large z, ''(z) decre-ises 
very fast except along the negative rf al axis (note that y and 
0 always have the samr sign) Since m Bq (6 2) th’re are 
more T -functions in the numerator tns'^ in the denominator, 
the z-integrations are convergent 


The above arguments apply to anr grapn "md its sub- 
graphs The proof of ultraviolet convergence of any graph 
computed with the Lagrangian +L gjjj is complete 
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Introduction of n-^ices tno fol^Ojir^ modif icatior & 

(a) -lWo new t^iJt-s of vertices cu-w x uiuuxced - ■f-'’ose 
involvir^ electron and o-lxncs only -^ud tnose involving n 
lines only 

(h) The coupling rill give rise to some momc-ntum 

factors at the vertices 

The new superpropagators arising from (a) /fill again 
give rise to the same kind of z dependence as "before so 
that our convergence argument will go through 

The point (b) can also be taken care of by shifting 
the z-contours to the left 

Vc must also consider the fact that tie contours for 
th^ superpropaga'^or lines arising fiom the couplings in ^ 
will lie in the region 0 < Re 1 so that when one of 

these contours shifted to the left, the factor 
gives singularity at z^^ = 0 Tnc simplest way to see 

that this does not create any probli - 1 is the following 
Wo can write, 

L' = 

= I 



whore , 



57 


and , 


L'" = - 1 [VT*" Ah - I Aa 

i'^o ! It IS used instead oj. ^ ' tne contours for 

the supcrpropagatoi^s lie m the region -1 E.e z <s, 0 and 

1 J 

hence there is no iroblcm The coupli’^^ ^ introduces 
only some lomentum lectors ir tne intern''! el^-ctron and 
o- lines of the diagrams arising from the interaction 
/-cm These c'in be taken care of as point (b) above 

This completes the proof of ultrcViol-.t finit neSS 
of the theory in any arbitr‘'ry order 


VII GSAVIT TIO TiJj jEL^ EiT'R'' n - ECTRC 

In this section wfc calculate el'=“C'^ro'^ self 
energy due to iiteractior L( given in Pq (2 33hj in 
lowest order -j^he contributio i y ( p) f ro i t ns 

interaction term (aiagrani is srow i'^ Pigure 6 ) i'^ given 

fey, 


Pig 6 Gravitational contribution to self 
energy of electron 


2„(p) = ^ 


— Y (-ip„) 


1' ‘ -^u 5’'' 




u 


ip 


Y ’ ] L^yp (f^ D™(x))-lJe^P "" 


p ' iJ' 
dx^ 


(7 1 ) 


Eow. 


CO 


[exp (f^Dp(x)) - 1) = ^ [I>j<(y)] 


n 


(X 


1 

7C1 


+100 


j dz r(-z) [Dj,{z)J 

(X -loO 


z 


0 < a < 1 (7 2) 
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and in subseauent discu&s on the subocrirt g refers to the 
gravitational contribution From Ea (5 2 ) and (5 5 ), ■f© 

get , 

' n- 2 )(-l^)T fti.z) dz (7 3 ) 

ji-it, fa 

0 < P <1 


whe re , 




- J *"( 2 ) 


f ( 211 ) 


4^ Y (P-'^^ + m 

f [Y(p-i^) 'o — 5 Y ^ 


( p-i£ ' ^-m^+ie 


Y (p-F) + m 

+ Y (p-k) p — P , (p-^0 

( p-k) -m +1E 


+ Y P 


Y (p-k) + m 

p 

(p-k) -m +ie 


where , 


+ Y r 


{ (p-k) + m 

- - 

(p-k) -m +i£ 


F' ( z) = (471) 


2-2z r( 2-z 


O ) 


Y (p-k)J (-v2)2-2 

(7 4 ) 


(7 5 ) 


iiiter simnlifyxng the expression (7 4 ), wc gL,t 

4 

3^1 


Sg(p,2) = -^^'(2) 


(27x)‘*' (p-k)^-m^+ie 


[ 4 y p(r (p-k)+m)Y P- 2 y k(Y (p-k)+m)Y P 
+ Y k(Y Cp-k)+m)Y k - 2 y P (y (p-k) 4 -m)Y k] 


(7 6 ) 
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where , 


we get 


As xn Section III, we mte 
2,(p,zj = A "3 

O O 


(7 7) 


Ag(p^,z) = tr [;^ 2 

S 4P ^ 

Mpt-) = TO tZo 


hvaludting trace in. hq, (7 


(P, z/i 

(p,z 8) 

8) and after simplifying 


iP'(z) 

f d^k _ 

L 

= ^ J 

(2m) (p-k)^ m^+ie 

[4p^-3(p 

o ? '^2,2 

^-)p^ + 2(p k/"^ + 3p < -k 

/ , 2nZ-2 

^ (-k } 


(7 

^'(z) ( 

1 

1 

o 

L 

1 

= -1 j 

/ P J 

2' ' 

” 2)„ Aie 

X [4^ ’ -7^p 

k)p‘^ + s 


iF’ ( z) 

fd'^k _ 

1 

/ 2 V 

4p 

'(2m)^ (p^k)^-m^+ie 


f [-5p^+P kj(-k^) 


k )] 


(7 10 ) 
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Ising a-paranetric representetio’^ , ^ c- ^et 

M &0 

.4,. f f 

(O n n ^"1 

{ 2 L ) 0 o 


(p2,zj = iilL|I rA 
° 4-^ j (2.)‘ 


r ' / 2 i ■) , 2^ 

^ e^n [7_ ! vp“ /* j + J 


-L L 


cc. 


1 -: 




+ 


V{2 z) 


[4r'^-8r2(p ) + 2(p k)2] 


f-^ / /aa,c 

4p vy (2r) 0 0 ^ 


=>0 C><1 


7, 


exp [a^ (p-k) I, +apk^ 




X 


^2 


-z 


r( i-z) 


[-5p + - k] 


(7 li; 


To liitegrate over moaentua k, v^re defin^^ a variable b/ 




+ 


'1 


j, a + a ^ j. 


and integrating over tbe TnonentUiii ^ , we get 

06 


a, a. 


A^(p^, 2) = J 4 ai 3 _ daj eyp [ 


a. 


1-z 




V( n \ TA 2/ . )2 a-i+ctp 

i(2-z) 16 ti (a^+ttg) 1 2 


op 00 


1 — + 2{ — - — )^] + --j— - T f da-j dttp 
+a^ -' 4 ^ „ I 2 


V“2 


V“2 

«! 2 


o o 


r 1 2-1 2 

^ s '“1“ J r(i-z) 

a, 

„ X r rr . 1 


1-Z 


.2 ^2 ^ ^ Q^+ctp 


16tc (a^+ag)' 


] (7 12) 
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expressing^ the in+egration over j-paranetera xr i^erus 
of l(p^,m^,z) given ii jciq (3 21j , x e + 


i^(p2,z) = 


[-4p^I z-1) + 


2 

[T-z] 


I(p^» i^,a) 


(l-z;(-z) b ) 


^ I (pt m2,z+l)j + ili^ [31 Iptiitz) 

00 ^ 

b 1 

4 0 0 


w ^ 

1 'b 2 2 ^ ^ r' ^ si j i 

" “TU ^ ^ ° ° 


X 


da^ da2 


“1 - ii r ^2 „2 2 t 

— = ^ i=xp I F -ciqiQ j 

( a^+a^) a^+a^ 


a 


1-z 


X 


16it^ T(2-z) 


(7 15) 


The integral in the above expressions have been 
evaluated in the Appendix B and has the value, 




J 


aa-, da 

— ± ^ exp [ 

(a^ + Ug) 


a a 2 

— -— — n 

a^+u2 - 


2. 

j 


a 


1-z 

2 


/ 2 \ z 
(aa J 


Vil-z. 


r 


(2-z 


pT3 


n 


l+z. 


X P(-z, 2-z, 3, P^/m^) 

UBine the expression for 1 (ptmtz) from B, (3 24), subs 
titutins the value of l?'(s) from B <1 (7 5 ) and after some 
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Simplification, we get, 

A (p^, z) = ( 4 , )-2z ^L1::£l 


.-z) 2z 

— — -n 


^r(2-z, 1-2, 2, 

1 


+ ^^2 P(2-z, _-z, 3, 


- p fl+z) z 2-z, 1-z, C, p^/m^) 


- 3? (1-z, 1-z, 2, p2/n^) 


+ i (1+z) P(l-z, -z, 3 P^A'i^) 


- ^ r(-z, 2-s, 3, p^/m^)] 


(7 14) 


Prom Eq (7 8), we get. 


Vs4^) = l4£L4E_k+£i (_^2)Z-2 


Again using a-parametrization get, 


(p-k)'^-m'' 


(7 15) 


dUg 

^ -I 0 

2 : exp [cxj_ 'i^(p-k)2-m^ .+ a 2 lc^j — 


2, “2 


X [4p^ - 4p k + k"^] 


2-z ) 

(7 16) 
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The integration ovtr k is eg'-in Ccrri-c oit or Defining, 


k - . 1 


1 ^ ^1+^2 


giving, 




^ ^aj+oL^ 1 


a 


1-z 


y 


r( 2-z) 


I67r^( T+"o)^ 


o o 

C'»“ - P - 


\ 1' ■2- 
2 


+ ^ P T 


‘^ 1'^“‘2 ( Cj + a ^) 

(7 17) 


2 2 

In term of l(p ,m ,z), it becomes, 


B (p ,z) = 


ig ' ( z ) 

4 


l.-4p^ I (p^,m^,z-l) 


2^2 
. ^'-D r 2 2 X V 

+ (. ,HI ,z) - xt.z)V=^) 


1-z 3^* 


■b' 


X 


2 2 




I (r ,m ,^+l)] + 


2rUz) 


A 


CO 00 

If 

o o 


X 


da^ 


16tc^( 


OC*^ ^ o o o 

t p -“l“ j 


a 


1-z 


r'( 2-z) 


X 


(7 18 ) 
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Dubstituting, for I (p^,m^,z) and cftor c: li tie alpebra, /c 
obtain, 


B ip^,z) = ii3LL_ r(2-z) 'Vl-z 


; 'T- 


[- n2-z, 1-z, 2, n'^/rn^) 


m 


+ 3 T ( 2-z , ±-z, 3 , p /t' ) 


m 


(1+z) z P (2~z, 1-^, 4, p^/m^) 


6ei'^ 


- P(-z, 2-z, 3, P^/m^)J 


(7 19) 


Now from expressions (73) ana (7 7) we get. 




= Ag(p^) + 


(7 20) 


where , 


and 


K(r‘^) = 




p a+i'iO 


27C1 


1 

27111 


^ dz r( -z) (-f ) A (p ,z) 

aiF*iPO 


a+ico _ „ _ ^ 

[ az V{ -z) (-f^) B (p‘^,z) 

^a-icc ® 

0 ^ tx 4 1 ( 7 21 j 


A^(p^»z) and Bg(p^,z) 


wbe re , 



6o 


axe given by Eq (7 14) and (7 19) 

iOlding contour u iclosini^ real a/is arc conoider- 
ing t'le leading contribution to and B (p^) frjCi 

O 

the double pole at z = 1, get 




-2^1 ^Res of intej^ranu in Eq (7 21) at 

^ Ijl2rn£ (_ x2-»2/16,b^ 

dz 4 \ / 


1 ) 


X [ - ^ r (2-z, 1-z, 2, p^/m^) 
m'^z 


+ 


P ('5-z, 1-z, 3, 
m 


■ (1+z) (2— z, 1— z, 4j p Z’’ ) 

3 m^ 


- I r (l-z, 2, p^/n^) 


+ ^ (l-z, -z, 3, P^/m^) 


^ i;(-z, 2-z, 3, I 

2z ’3=1 


(7 22 ) 


1 (M)2 In iiL 

2 mf 


1 £_ _ 5 

2 ,,2 2 


- 2 . Y (— )^ 

4 ^ 


1 £ ^ 

2 2 2 
m 

2,2- 
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where the function ic givo i b. 


= (i_^) Q jsL-^-7£±1 


2x‘ 


+ 5 ^ . n + A 

^ 4 ^ + 4 S 


(7 23) 


Similarly , 


BJp2) 


= -P-rtij^Rbs of Integranc in ( 7 21), at z = 


1 \ 
/ 


1 (3^)2 In — - - 1 

2 mf ' 2 ^ 

L H 


3l (lf)2 

4 


lih - l1 

2 ' 
m 




2/„2. 


(7 24) 


where , 


%{ ) = 2(l+>)(l-J , + I . + 3 


X 


Finally 


(6m) = m[A (m^) + (in^)j 

O t3 O 


/mfN2r 

(—) L-5 il + 2 7 


11 j 


(7 25) 


Note 


• 2 ' 4 (7 26) 

The contour in Eq (7 3) has been shifted to the left 
to secure convergence of the k-integration and then 
shifted back to the region 0 < Re z < 1 


VIII CALGUIATICiJ 01’ - 71° LIx'rEEB OE 


As an application of the theor , hi- re vie present 
calculatioi of ix -it mass dii fere nee to lowe^f- orcer in 
coupling constant e Proceeding as in non II , the 
conformal invariant Lagrangi^n for a cnarged scalar iield 
^ and a neutral scalar fielc can be written as, 

= L ^ + I I J ° exp (-2fa(y)) 

M' ^ P* 

- I ®^P (~2fa(x)) - ^ + I 

X exp (-2fa(x)) (8 1) 

where , 

■" fVf> + 1 e A* 

and 

Applying the transformatio 1, 
i-p = ^ exp (fa(x)) 

and = $,° exp (fcj(x)) (8 5) 

the Lagrangian (8 l) becomes, 

L= L + L + (8 4) 

*— ^0 em ^ 


where, 
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~ 1^ 



- ^ “4 

- i ^2.0 o 

2 b 


pP-iJ 


a^ 


+ 




a 




1^ 


a 


^em " “^® ^ D" ^ eyp (2fa(A)) 

H' 

+ e2<^’''^j-' ^ e^p { 2fcr( )) 

" M* 

LI = 5*"$^ (2fa) - 1) + 


■*'$'''b^$ ] exp (2fa) + 4f^ exT3(2fa) 

+ ^^1°] 5'^ exp (2f0) + 2f2^^a 

X exp (2fa) + 'b^cr [exp (2f0)-l] 

(8 5) 

where normal ordering for the above lagrangian is understooc 

The lowest order contributio a to'yj’(p) [see Pig 7j 
IS given by, 



Pig 7 Diagram for self energy of Pion Here 
the solid lines represents the charged 
pion 
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n j 


-,<.2 j ^4 r ^ > *^1 A / ^ 

xe f d . [-xp^ + _ _ A^(x) 




ip 




_ipr 


IJ- 


7 


a 


= -le^/o^x [-2ip7-^;4^+ ® ^ 




h ''i, ' b S ^ 


p^Ap(x)] Dp(x) exp (4f%(x)) (8 6) 


where , 


1 


= 77 P 4 

(2n) (271; 1? -p +xe 

and Dp(x) IS given by Eq (3 2) 


Since 


DQ 


D-,j,(x) exp (4f‘^Dp(x)) 


1 


ra+io6 


= E 


2\n 


(4f‘=') 


n=o 


n' 




n+l 


dz ( -4f^y^T’^-a) [Dp(x)j 
- 1 < a <; 0 


z+1 


(8 8 ) 


271 ''a-lOO 

(by Qommerf3ld-Watson transformation) 

using expressions for Ap(x), and Gelfand and fahilov 
formula (3 5), aid performing x-int^gration and the trivial 
momentum integration, we g&t, 

ra+iOO 


l(p) 


1 

2 ti:i 


n -.; P ( p ..) d . 

J a-iOQ 


(8 9) 
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where 


p^(p,z) = l’„(z) 


and where 


J 


('-v2^2 1 , _2 . ..2x 

n p 1 4 — 4P Z" + iC ) 

(B 10 j 


x"p(2) = le^ (4rJ 


-2z 


7 ( 1 : 


r( 1+2 




(3 11 ) 


Using a-parametiiG represent'^tion, we get, 

OCk C5ft 

n(p, z) = -xgCz) I da^ ^^^4 

X.e^p [a^ + a2C^J 


x[4p^ - 4p k + k^] 


a 


-z 


r(i-z ) 


-1 


± 2 ( 2 ) r 

~ - 


Od 00 


dct^ dag 


a, a. 


16% 0 o (a^+ttg) 


GXp 


r “'i"'2 2 

4 p _a^m 


*■ ^ “l''‘“2^ 


2) 

j 


a„ P P u-| 

2 [4p^ _ 4p2 1 


Pd-z) 


r' +ff a^ + a 
-L tL X. id. 


+ 


( ttp i-ag) 


2 1 

2 P J 


(8 12 ) 


where in obtaining '♦'he last form we have used Bq (3 20), 

(3 28) and (4 16) after performing k-integration by redefi- 
nition, 


k.. 


M- 


i,. + 


a. 


1 


\x + “2 ^ 


(8 15) 
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-bq (8 12) can be written in terms of the inte_r&ls 

-p / 2 2 \ 

I ( p y m ; 3) 1 e 


\Ml>f z) 


= z) + ^ 

^2 


zvi) 


5p 


1 


T-z) (-l-z) 


>> 'p^)^ 


I (p^, i2,z+2)] 


4” 


oo ^ 

2iP2(2) j j aot^ dor^ 

iSix^ o o 


exp [ 


° 1»2 

V ‘'2 


-z 


p^ - 


P(l-2) 


(8 14) 


2 2 

Expression (3 26) for l(p ,m ,z) and the value of the inte- 
gral in the last term from Appendix B can be substituted ir 
the above equation, leading to, 

Up, 2) = °^ -i 4gr- r{-z) nu-z) 

16it 

(m^)^"^^ [ ^E(l-z, -z, 2, p^/m^) 

2 

- (l+z) F(l-z, -o, 3, P^/m^) 

m'^ 

2 ? 2 
+ (l+z) (2+-z) F (l-z,-z, 4, P /m ) 

6m 

+ 2F fl-z, l-z, 3, P^/m^)] 


(8 15) 
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rT(p) given as the contour integisl of fiijjjz) end can be 
evaluated by folding the contour bacK to enclose the real- 
axis Oonsj-dering only the lecdir'g t^rns 


p|(p) = -2x1 [lies of Integrand in Eo (8 9)| ^ 

2 

-- n\ 

dz 


Idtx 4r 


(8 16) 

where h(p,z) is the expression in squart brackets in Eq (8 15) 


4'rx 
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C 2 

5 £_ + 

3 2 
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2) In 


47t‘^ 

2„2 

m f 


5y (| 


2 

£_ + 
2 
m 


2 ) 


- ? (pW)] 


(8 17) 


xj-here , 


§" (x) 


-5x^ _ 8x+l 
(1-x) -2 

3 X 


II 

9 


X 



(8 18 ) 


This gives, 



- 11 Y + 


19 

18 


The numerical value of - it° mass difference using the 
value of minor coupling constant f given by Sq (2 44) 
comes 13 6 MeV which is much higher than the experimental 
value 4 6 Me? V/e have considered only the minimal electrO' 
magnetic interactions of pions and have neglected strong 
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interaction effects Th.'- cut-off pro\riaed by tbe scalar 
gravity is vc.rj hioi, however stror i-^trr'=ctions are 
expected to provide an effectxve cut off at a smallor \alue 
which will reduce the nass diff-rcice 


lx COjTCLUDI ^ EE ilFuv^ 


In the previou st-ctions i£ve seen that scalar 
g,ravity plays a regulsrizing rol- for ri^ctronr-^n tic 
interactions, the ii vurs of minor coupling constant prov^Ces 
the ultraviolet cut-off tome advc-ntajes of this rc^ulc^ri- 
zition procedure are fs follows 

(1) Our prescription is not “^n "dhoc one but has generch- 
principle hehino it, mmely conformal invariance, which is 
more appealing and beautiful than anj aahoc prescription 

(2) Our regulariza+ion method is universal since 
Poincare invari-nt legrangian can be turned into a conformal 
inveri-^nt one by - well defined procedme Thus, we can 
apply this method to other field theories aJ.so lime the 
Yuk'^wa interaction ^nd the four fermion intur ction 

fhe Yang-Mills thLories appear to bt. exception 
since they Etre already conformal invariant (i c „ithout the 
introduction of o-field) if ono uses o-nonioal sosls dimension 
However, there is no compulsion to use oanonioal "oalo dimen- 
sions In fact, in Section II. the fields obtained after 
the field transformation have non-oanonioal socle dimensions 
How If we taie non-oanonical Weights for lang-Nills fields. 
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exponentials of the fiela o( ) will to he introduced 

with kinetic Ln^r^^ terms ard inter term and dt shall 

hove the theorj/ rogularizod 

(3) Our prescription !=■ much simple^ t lan the tensor 
grs'/'ity in which o Iculations ar-- ver compile '’ted 
fioreover, tensor gravity r s its own div^rgcnc'- problems, 
wheroes in our scheme, the theory is finixe includi 1 ^, all 
effects of gravity in all orders 

(4) hince our theory has in-built conformal invari'’'nce, 
hencG the amplituoes arc expected to h-ve scaling properties 
which are observed experimentally 

It should be interesting to study the implications 
of the present model at hign energies For the time bt-ing 
we have postponed it for future investig'^tions 
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iJ=P- I'lMX A 


In tnis Appendix v^e present p-'^oof o+ Equations ( 2 22) 
and ( 2 25) 7e have, 
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det 
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>)X 




D(A(x)) f(x) (i 1) 


^ J D(A(x)) [t^f - J)tf I d/j 
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-1/4 


(A 2) 


(A 3) 


How JJ ^ D can be expressed as linear combination of the 

generators of the group 

H 4) 


D = Sp„ 


and , 




(7 5) 

(WS = "(4“ 

So/" ^o %z/) 

( A 6 ) 
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Tr(A'^^i,Atp^ ) 


(A 8) 


where , 
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Mow let 


A= JA 


whe ro 
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Mow using liquations ( / 5) and (A 8), w have 
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How for special conformal transformations, 
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oi/riil arly, 


X 




l-2p x’ + i3^^' ^ 


1 


JU' 


h) 


\ftcr straightforwerd calculation and some simplifies 
one obtains, 

^ P) ]_ ^J(x, j3) 

b^x*^ _ 1 b^dog J(x. S)) 

^ "^x^ ^x^ ^pp 

2 

^ i r _2. ^ AJ Ai _ ^ 

^ bx*^ b)x^ bpp 

Ai _ A Ai. 1- Ai 

y + 1 2»^J J 

bx'^'bp^ ^po 

Then after some straightforward calculation and some 
simplification, we get, 
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>x- ax" ~ ^ 
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^ dy^ ^ 


low Bq (A 4) becomes, 
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” 2^J 

is Jl = 

” j axp 


AJ _ sP AJ ) 
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{x 17) 
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(A 19) 
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Lquatioxi (A 2) then becomes, 
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6 x^ 

-ip 
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j A (> j } [ by/-' - 

^ <=>vf> '* 'Y' 


t bv' 
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bx^ 

vr 
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) ^^ (lofc,jdet 



(A 20) 


JIow to prove Eq ( 2 25), fie pxoceed as follows, 
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) - t{ 


- '' ^ 
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L . ^x' 1 
TT i 

1 ifM 
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Now, noting, 
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and simplifying we get the desired relation, 
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appendix E 


In this appendii, we present a calculation of the 
ntegral occuring in Da (7^5 )> 


oo - 

R(p, z) = / J 
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^“l ^ ^ 2 ^' 


a, a 


r 1^2 2 2-, -z 

X exp [ — ^ p - a;^ni ] a2 


“ l -"“2 


(B 1) 


let, 

a^^ = l/x^ 

da^ da2 = 

We have , 

R(p, z) = 
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dx dy 
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how let, 

X = r cos 9 j y = ® 
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Ihis gives, 
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Writing cos'^© = x 


so that, 


■2sin0 cos © = dx 
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then , 


= J dx X ^ 1 i- ^ 

o 

x(ni^)^'^^ H-i-z) 

= U-l-z) 

r(3) 

j(r{-l-a, 1-z f 3, p^/ai^; 
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